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Abstract 

It is conjectured by de Jong that, if A is a connected smooth projective 
variety over an algebraically closed field k of characteristic p > 0 with trivial 
etale fundamental group, any isocrystal on X is constant. We prove this 
conjecture under certain additional assumptions. 
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Introduction 

The fundamental group is an important invariant in topology, algebraic geometry 
and arithmetic geometry. For a complex connected smooth projective variety X, 
the topological fundamental group vri(V) (based at some point), which classihes all 
the coverings of X, is dehned in a topological, non-algebraic way. But there are (at 
least) two approaches to dehne the fundamental group of X in an algebraic way. One 
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is the etale fundamental group vrf (X) [SGAll V] (based at some geometric point), 
which classihes all the hnite etale coverings of X. It is isomorphic to the prohnite 
completion of 7ri(X). Another one is the category of Ox-coherent "Dx-modules, 
which is equivalent to the category of hnite dimensional complex linear representa¬ 
tions of vri(X) via the Riemann-Hilbert correspondence. As for the relation between 
these two algebraic approaches, Malcev [Mal40] and Grothendieck |Gro70] proved 
that, if 7r®*(X) = {!}, then there are no non-constant Ox-coherent Px-modules. 

This leads to the question of an analog for a connected smooth projective variety 
X over an algebraically closed held k of characteristic p > 0, namely, the question to 
compare the etale fundamental group vrf (X) of X and the category of Ox-coherent 
P-modules on X. Due to the absence of the topological fundamental group of X, 
the relation between them is more mysterious. 


One issue to precisely formulate the question above is that there are many ver¬ 
sions of D-modules which are dehned on X. One can consider the full ring of 
diherential operators, or the ring of PD-diherential operators. One can consider 
with or without thickenings to the Witt ring W of k, and one can impose various 
nilpotence or convergence conditions0 


When we consider the full ring of diherential operators Vx on X in usual sense 
(without any thickenings to W), the category of (Px-coherent "Dx-modules is equiv¬ 
alent to the category Inf(X//c) of crystals of hnite presentation on the inhnitesimal 
site (X/fc)inf of X over k. In this case, Gieseker |Gie75] conjectured in 1975 that, 
on a connected smooth projective variety X over an algebraically closed held k of 
characteristic p > 0 with vrf (X) = {1}, there are no non-constant Ox-coherent 
Dx-niodules. This conjecture was answered affirmatively in |EM10l Thm. 1.1]. 

When we consider the full ring of diherential operators on X with thickenings 
to VP, we obtain the category Inf(X/hP) of crystals of hnite presentation on the 
inhnitesimal site (X/VP)inf of X over W (see Section [1] for the dehnition). This is 
a VP-linear category which lifts Inf(X//c). Because this category contains p-power 
torsion objects which cannot be constant even when 7r®^(X) = {1}, it is natural to 
consider the Q-linearization Inf(X/VP)(Q, which we call the category of inhnitesimal 
isocrystals. This category is known to be too small to capture all the geometric 
objects, but it is still an interesting category because it contains the geometric 
objects coming from hnite etale coverings of X. 

The category of (certain) modules on the ring of PD-diherential operators on X 
with thickenings to VP and quasi-nilpotence condition is studied most extensively, 
which is dehned as the category Crys(X/VP) of crystals of hnite presentation on 

^Also, we can consider 2?-modules on X with Frobenius structure. In this case, ap-adic analogue 
of the Riemann-Hilbert correspondence, which gives an equivalence between the category of p-adic 
representations of 7r®*(X) and the category of unit-root convergent F-isocrystals on X, is known 
by Crew [Cre87] . Although it is also interesting to consider the case with Frobenius structure, we 
concentrate to the case without Frobenius structure in this article. 
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the crystalline site (-^/hh)crys of X over W (see Section [T] for the dehnition). As 
before, it is natnral to consider the Q-linearization Crys(X/hh)Q, which we call the 
category of isocrystals. 

After |EM10j . de Jong conjectured in 2010 that, on a connected smooth pro¬ 
jective variety X over an algebraically closed held k of characteristic p > 0 with 
7rf (X) = {1}, there are no non-constant isocrystals on X. 


In this article, we consider the conjecture of de Jong for a closely related and 
slightly smaller category Conv(X/A') (where K is the fraction held of W), the cat¬ 
egory of convergent isocrystals on X over K, which is introduced by Ogus |Ogu84 


Defn. 2.7]. This corresponds to the category of (certain) modules on the ring of 
diherential operators on X with thickenings to W, tensorization with Q and the 
convergence condition, which is slightly stronger than the quasi-nilpotence condi¬ 
tion. Although the category Coiav{X/K) is slightly smaller than Crys(X/iy)Q, it 
is large enough to contain the objects coming from geometry (e.g., the Gaufi-Manin 
convergent isocrystals dehned by Ogus |Ogu84[ Thm. 3.7]) and enjoys nice topolog¬ 
ical properties such as proper descent. Over an algebraically closed held, it shares 
many properties with the category of lisse Q^-sheaves. 


The conjecture of de Jong (for convergent isocrystals) is not trivial even when 
X is liftable to a smooth projective scheme X^ over Spec W, because the etale 
fundamental group of the geometric generic hber of X\y need not be trivial. On 
the other hand, for a proper smooth morphism / : Y —)■ X which is liftable to 
a proper smooth morphism fw '■ Yw —> Xw, we can prove the constancy of the 
Gaufi-Manin convergent isocrystal fconv*OY/K |Ogu84 Thm. 3.7] rather easily, in 
the following way. If we denote by : Yi —> X^ the base change of fw to a held 
L containing W, it suffices to prove the constancy of ^ module with 

an integrable connection, by |Ogu84 Thm. 3.10]. Then we may assume that 77 C C 
and it suffices to prove the constancy of where : Y^'^ —> X^ is 

the analytification of fc- This is reduced to the constancy of R^fc,*Q.£ for a prime 
i ^ p hy Artin’s comparison theorem |SGA41 XVI,4], and reduces to the constancy 
of R^fw,*Q.ej which is true by Grothendieck’s base change theorem on the etale 
fundamental group {1} = vrf (X) A- vrf (Xvi/) |EGAIV4] Thm. 18.1.2]. Thus we 
find this conjecture interesting enough. 


Our main result is a partial solution to the conjecture of de Jong for convergent 
isocrystals, which is stated as follows. 


Theorem 0.1. Let X he a connected smooth projective variety over k with trivial 
etale fundamental group. Then 

(1) any convergent isocrystal which is filtered so that the associated graded is a 
sum of rank 1 convergent isocrystals, is constant; 

(2) if the maximal slope of the sheaf of 1-forms on X is non-positive, then any 
convergent isocrystal is constant. 
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We refer to Theorem l2.8l fl) and Corollary 12.91 for this formulation. Theorem 12.81 
is more precisely formulated: In (2), positive slopes of the sheaf of 1-forms on X are 
allowed, according to the maximal rank of the irreducible constituents of the given 
convergent iso crystal. 

We now explain the main ideas of the proof. Convergent isocrystals are known to 
be Frobenius divisible, although p-torsion free crystals in one isocrystal class (called 
lattices of an isocrystal) is not. Using this, one proves in Proposition 13.11 that the 
Chern classes of the value Ex on X of a crystal E over W vanish when U is a lattice 
of a convergent isocrystal. 

If one assumes in addition that Ex is strongly /i-semistable, one sees that the 
subquotients associated to some hltration of Ex yield points in the moduli of y- 
stable sheaves with vanishing Chern classes. Then, assuming now that X has trivial 
fundamental group, it is proved in Propositions 13.2113.3113.41 bv a noetherianity ar¬ 
gument, that not only inhnitely Frobenius divisible sheaves are constant (Gieseker’s 
conjecture proved in |EM10j j. but also strongly p-semistable ones with vanishing 
Chern classes which admit a large enough Frobenius divisibility. 

This, together with the crystalline deformation theory in Propositions 13.6113.71 
Corollary 13.81 which allows to prove the constancy modulo p” from that on X, leads 
to the theorem (see Theorem I2.6p . 

Theorem 0.2. Let X be a connected smooth projective variety over k with trivial 
etale fundamental group and let £ be a convergent isocrystal. If, for any n E N, 
the E'^-division of £ admits a lattice such that its value on X as a coherent 
Ox-module is strongly p.-semistable, then £ is trivial. 

Also, one proves a Langton type theorem in Proposition 14.11 claiming the exis¬ 
tence of a lattice whose restriction to a crystal on X over k is p-semistable. One 
proves Theorem 10.11 together with its rehnements not discussed in the introduction, 
using Theorem 10.21 and the slope condition on the sheaf of 1-forms which forces the 
requested stability conditions (see Proposition 14.2p . 

As another consequence of Theorem 10.21 we have the following corollary, which 
conhrms the conjecture of de Jong for inhnitesimal isocrystals (see Corollary 12.7p . 

Corollary 0.3. Let X be a connected smooth projective variety over k with trivial 
etale fundamental group. Then any infinitesimal isocrystal on X is constant. 
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1 Preliminaries 

In this section, we review some facts on (iso)crystals, inhnitesimal (iso)crystals, 
convergent isocrystals, and Cartier transform of Ogus-Vologodsky. 

Throughout the article, we £x an algebraically closed field k of characteristic 
p > 0. Let W be the Witt ring of k and K be the fraction field of W . For n G N, 
put Wn '■= W/p^W . Let a : k —> k be the Frobenius map a on k. Let 

aw ■ hF —;■ W be the automorphism which lifts a and let aK ■ K —)■ K be the 
automorphism induced by aw- 

First we summarize a few facts on (iso)crystals from |B0781 Sections 5/6/7], 
|Ber741 Ill/IVj. For a scheme X of hnite type over /c, let (X/hF)crys (resp. {X/Wn)crys) 
be the crystalline site on X/W (resp. XjWri)- An object is a pair {U ^ T,S), where 
U T is a closed immersion over Wn for some n (resp. over Wn) from an open sub¬ 
scheme U of A to a scheme T and 5 is a PD-structure on Ker(OT —t Ou), compatible 
with the canonical PD-structure on pWn- Morphisms are the obvious ones. For the 
definition of coverings, see |BQ78l page 5.2]. The structure sheaf Oxjw on (^/hF)crys 
(resp. OxjWn on (AT/BOcrys) is defined by the rule {U T,5) F(T, Ot)- 

A sheaf E of (Px/w-modules (resp. (Px/w^-niodules) on (A/hF)crys (resp. on 
{X/Wn)crys) IS equivalent to the datum of a sheaf of OT-niodules Ex in the Zariski 
topology of T for each object T ■= {U ^ T,6), and of an (PT'-hnear morphism 
P*Et —!■ Et' for each morphism p : {U' ^ T',6') {U T,6), which is an 
isomorphism when p : T' —)■ T is an open immersion and U' is equal to U Xx T\ 
The sheaf Ex is called the value of E at T. Via the module structure of Ox over 
itself, Ox/w (resp. Ox/Wn) is n sheaf of Ox/w-modules (resp. (Px/w^-modules). 

A sheaf E of (Px/vK-modules (resp. of Ojsf/vi/^-modules) on (A/hF)crys (resp. on 
{X/Wn)crys) is a Crystal if the morphisms p*Ex —)■ Ex' are all isomorphisms. A 
crystal is of finite presentation if its value Ex is an (PT-module of hnite presentation 
for any {U T,5). The category of crystals of finite presentation on (A/hF)crys 
(resp. on {X/Wn)crya) is denoted by Crys(A/hF) (resp. Crys(A/BV)), as a full 
subcategory of the category of sheaves of (Px/w-niodules (resp. of Ox/Wn-niodules). 
The structure sheaf Oxjw (resp. Oxjwfi) is a crystal. It is known |Ber741 IV 
Prop. 1.7.6] that Crys(A/hF), Crys(X/lL7i) are abelian categories. Furthermore, 
the categories Crys(A/lU), Crys(A/BV,) satisfy the descent property for Zariski 
coverings of A, that is, crystals ‘glue’ in the Zariski topology. 
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If we denote the topos associated to {X/W)crys by (X/hh)~yg, it is functorial 
with respect to X/W, namely, if we have a commutative diagram 


X' X 

(1-1) I 

Spf(H^) Spf(iy) 


with X' of hnite type over k, we have the canonical morphism of topoi {X'—> 
(X/hh)~yg |B078l §5]. It induces the morphism of ringed topoi ((XYhh)~yg, Ox'jw) 
—f ((X/iy)Yyg, Oxjw) and the pullback functor f* : Crys(X/iy) —)■ Crys(X'/iy). 
Similar functoriality holds also for the the ringed topos {{X/Wn)cry&)^x/w.n) asso¬ 
ciated to (^/llY)crys and the category Crys(X/llY). 

The natural inclusion of sites (-^/llY)crys ^ (-^/hh)crys induces the restriction 
functor 


(1.2) Crys(X/lT) ^ Crys(X/lTY; E ^ E^. 

Since {X/W)crys is fhe 2-inductive limit of the sites {X/Wn)crys |B0781 page 7-22], 
we have the equivalence 

(1.3) Crys(X/iy) ^lmCrys(X/lTY; E ^ 

n 

The functors fll.2p . fll.dp are also functorial with respect to XjW. 

For any object {U T, 5) in {X/W)crys (resp. (-^/lT„)crys), the functor of 
evaluation at T 


(1.4) Crys(X/lF) ^ Coh(C>T) (resp. Crys(X/lF„) — ^ Coh(C>T)); E ^ Et 

is dehned, where Coh(C> 7 ’) denotes the category of sheaves of C>T-modules of hnite 
type. It is known to be right exact. This follows from |Ber741 IV Rem. 1.7.8] and 
|Ber741 III Prop. 1.1.5]. 

If U V is a closed immersion from an open subscheme U of X into a smooth 
scheme Y over Wn and T ■= {U ^ T,6) is its PD-envelope |B0781 page 3.20], the 
functor (El is exact |Ber741 IV Prop. 1.7.5]. Moreover, we have an equivalence 
of categories lifting fll.4p . which we explain now. The derivation d : Oy fly 
is extended canonically to a PD-derivation d : Oy —)■ fly ;= Oy fly, and we 
have the notion of OT-modules of finite presentation with integrable connection on 
T with respect to this PD-derivation |B0781 Section 4]. With the obvious mor- 
phisms, we denote the category of such objects by MIC(T), and denote the full 
subcategory consisting of quasi-nilpotent ones by MIC(T)a'^. (For the dehnition 
of the quasi-nilpotence, see |B0781 Def. 4.10].) For T = [U ^ T, 6) as above 
and E G Crys(t//lFn), Ey is naturally endowed with a quasi-nilpotent integrable 
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connection : Et —)■ E^ 0 Q}p, and we have a natnral equivalence of abelian 
categories 

(1.5) CiysiU/Wn) ^ MIC(T)'i"; E ^ {Et, Ve^)- 


We use the functors fll.dp . fll.5p in the following cases. First, for a smooth variety 
X over k, we have the right exact functors 

(1.6) Crys(X/iy) ^ Coh{Ox), 

(1.7) Crys(X/W„) ^ Coh(0;,) 


of evaluation at X := {X ^ W, 0). When n = 1, the functor fll.Tp is exact. The 
functor fll.6p (resp. fll.Tp l is functorial with respect to X/W (resp. X/Wn)- 

Next, let X be a smooth variety over k and assume that we have a lifting of X 
to a p-adic smooth formal scheme Xw over W . As X/k is smooth, there always 
exists such a lifting on affine open subschemes of X. If we put Xn := Xw ®w Wn, 
the evaluation at X^ '■= {X ^ Xn, canonical PD-structure on pOx^) induces the 
equivalence 

(1.8) Crys(X/Wn) ^ MIC(Xn)<^T 


So we have an equivalence of categories 


(1.9) Crys(X/W) ^ l^MIC(Xn)^“ =: MIC(Xiy)^“^; 

n 

E H- \^{Ex^,V ExJ ='■ {Exy^,y Ex^)- 

n 


In addition, there exists a full embedding 

(1.10) MIC(Xv(/)'^'^ ^ (C>Xvi/-coherent left 'D^^y^^-modules), 


where E^Xwlw of PD-differential operators, by 

|BQ781 Thm. 4.8]. When there exists a local basis xi, ...,Xd of Xw over W , E^Xwlw 
is topologically generated by 


A 

dx 


n 




{n := (ni, ...,nd) G N'^) 


over Oxw |B078[ Section 4]. 

The functors fll.9p . fll.lOp are functorial with respect to Xw/W, namely, if there 
exists a diagram 


V/ 

^ Aw 

(1.11) I 

Spf(W) Spf(W) 
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lifting fll.ip . the functor fll.9p is compatible with the pullback f* on the left hand side 
and the pullback on the right hand side. Also, the functor fll.lOp is compatible 
with the pullback /^. 

We say that an object Ex^) (^esp. ExJ) in MIC(Xvk)"''' (resp. 

in MIC(Xn)‘i“) is p-torsion if so is Ex^^r (resp.i?x„)- Since the restriction functors 

(p-torsion objects in MIC(X^y)‘^“) —)■ MIC(X)'’“, 

(p-torsion objects in MIC(X„)^‘^) —^ MIC(X)^‘^ 

are equivalences, we see by fll.Sp . fll.9p and Zariski descent that the restriction 
functors 


(p-torsion objects in Crys(X/hh)) —> Crys(X//c), 
(p-torsion objects in Crys(X/lWi)) —> Crys(X//i;) 


are equivalences. 

When X is projective over k and we are given a hxed closed /c-immersion l \ X ^ 
P^, we denote the PD-envelope of X A P^ P(^^ by := {X ^ Dn, Sn). Then 
the equivalence of categories fll.Sp becomes globally dehned on X |B0781 Thm. 6.6] 

(1.12) Crys(X/WO ^ MIC(Z1„)^“; E ^ {En^, Xe^J- 

A crystal E e Crys(X/iy) (resp. Crys(A/Wn)) is called locally free if, for any 
object {U ^ T,5) in (X/Wjcrys (resp. Crys(X/Wn)), Et is locally free of hnite 
rank. 

A crystal E G Crys(A/W) is said to be p-torsion free if the multiplication by p 
on E is injective. 

A crystal E G Crys(A/lT'n) is called fiat over Wn if, for any 1 < f < n — 1, the 
morphism E/p^~^E —> E induced by the multiplication by p* is an isomorphism 
onto its image p^E C E. 

When we have a lifting of X to a p-adic smooth formal scheme X^ over W, 
E G Crys(X/W) is locally free (resp. p-torsion free) if and only if Ex^ is locally 
free (resp. p-torsion free), and E G Crys(X/hlA,) is flat over Wn if and only if Ex^ 
is flat over WA, where X„ := Xw Wn- Therefore, E G Crys(X/W) is locally 
free if and only if its value Ex G Coh(X) is locally free, if and only if its restriction 
to Crys(X//i;) is locally free. Also, E G Crys(X/W) is p-torsion free if and only if 
En is flat over Wn for each n G N, where {En)n £ Crys(X/lWi) is the object 
corresponding to E via (II.dh . 

For a smooth variety X over fc, let Crys(X/hF)Q be the Q-linearization of the 
category Crys(X/hF), which is called the category of isocrystals on X. This means 
that the objects of Crys(X/hF)Q are those of Crys(X/hF) and that the morphisms 















of Crys(X/fy)Q are those of Crys(X/hh) tensored with Q. So one has a natural 

functor Crys(X/fh) Crys(X/hh)Q which is the identity on objects. The image 
of £ by this functor is denoted by Q (8) When X is liftable to a p-adic smooth 
formal scheme Xw over IT, the functors fll.Qp and fll.lOp induce the full embedding 

(1.13) Crys(X/lT)Q ((Q (8) (9x,v)-coherent left (Q 8) 'D^^/j;(/)-modules), 

which is functorial with respect to Xw/W. 

Next, we recall the basic facts on inhnitesimal (iso)crystals. Basic references are 
|Gro68] . |Ogu75| , |B0781 §2]. For a scheme X of hnite type over k, let (X/lT)inf 
(resp. (X/lF„)inf) be the infinitesimal site on X/W (resp. XjWrfi- An object is a 
nilpotent closed immersion U ^ T over Wn for some n (resp. over Wn) from an 
open subscheme 7/ of X to a scheme T. Morphisms are the obvious ones and the 
covering is dehned in the same way as in the case of crystalline site. Thus {X/W)mi 
contains {X/Wn)crys as a full subcategory. 

We can dehne the structure sheaf Oxjw (resp. OxiWn) the notion of crystals 
of hnite presentation on (X/lT)inf (resp. (X/lWi)inf), which we call infinitesimal 
crystals on X/W (resp. X/Wn), in the same way as in the case of crystalline site. 
We denote the category of inhnitesimal crystals on X/W (resp. X/Wn) by Inf(X/lT) 
(resp. Inf(X/hTi)). The categories Inf(X/lT), Inf(X/lWi) also satisfy the descent 
property for Zariski coverings of X. 

The topos (X/1T)~£ associated to (X/hF)inf is also functorial with respect to 
X/W. To prove it, we need to prove the analogue of |B078l Lem. 5.11, 5.12, 5.13] for 
inhnitesimal site. The proof of |B078l Lem. 5.11, 5.13] works as it is (and we don’t 
need the argument on PD-structure). The proof of |B078l Lem. 5.12] works if we 
dehne T there to be the N-th inhnitesimal neighborhood of U in Ti Xy T 2 for X 3> 0. 
As a consequence, if we are given a diagram fll.ip . we have the morphism of topoi 
(X7lT)~f —)■ (X/lT)~f, the morphism of ringed topoi ((X 71 T)~£, Ox'/w) —t 
((A/1T)~£, Ox/w) and the pullback functor f* : Inf(X/lT) —> Inf(X7lT). Similar 
functoriality holds also for the the ringed topos ((X/1L7)~£, C>x/w„) associated to 
{X/Wn)ini and the category Inf(X/lL7). 

As in the case of crystalline site, the natural inclusion of sites {X/Wyfiini ^ 
(A/hF)inf induces the restriction functor 

(1.14) Inf(X/W) ^ Inf(X/lT0; E ^ 
which induces the equivalence 

(1.15) Inf(X/lT) ^l^iInf(X/lT,); E ^ {En)n. 

n 

The functors fll.ldp . fll.l5p are also functorial with respect to X/W. Also, for any 
object U ^ T m (X/hF)inf (resp. (X/B7,)inf), the functor of evaluation at T 

(1.16) Inf(X/W) —^ Coh(C>T) (resp. Inf(X/lT„) —^ Coh(C>T)); E ^ Et 
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is defined. 


When X is a smooth variety over k and there exists a lifting of X to a p-adic 
smooth formal scheme Xw over IX, we have an eqnivalence of categories 

(1.17) Inf(X/lW) ^ (C>x„-coherent left 'Dx„/w„-modules), 


where X„ := and T>x^iWn is the fnll ring of differential operators of X„ 

over Wn- Thus we have an equivalence of categories 

(1.18) Inf(X/lX) (Oxj^-coherent left "Dx^v/w-niodules), 

where Vx^jw '■= (im^^ T^Xr,iWr,^ and the action of Vx^jw on objects on the right 
hand side is assumed to be continuous. When there exists a local basis xi, ...,Xd of 
Xw over W, Vx^^iw is topologically generated by 


1 



ni! \dxx) ^ 2 ! \dx2) 


Urf! \dxd) 


{n := (rii, ...,nrf) e N”^) 


over Oxw |B078( Section 2]. 

We give a proof of the equivalence fll.l7p . which seems to be missing in the 
literature. For n,m,r G N, let X„(r)m (resp. Xnir)'^) be the m-th infinitesimal 
neighborhood of X (resp. X„) in Xn{r) := X„ Xw„ ■ ■ ■ XWn ^n- Also, for i = 1, 2, let 

'-V-' 

r+1 

Pi,m ■ A„(l)m —^ Xn (resp. : X„(l)(„ —)■ X„) be the morphism induced by the 
f-th projection X„(l) —^ X„, and for 1 < i < j < 3, let Pij^rn ■ t X„(l)m 

(resp. Pij^m ■ A^n(2)m —t X„(l)(„) be the morphism induced by the projection 
X„(2) —y X„(l) into the i-th and j-th factors. We denote by Str(X/lXi) (resp. 
Str(X„/MA)) be the category of pairs {E, {em}m), where is a coherent Ox„-Hiodule 
and {era : P 2 .m^ ^ Pi,m^}m (resp. {em : P%m^ ^ p'l „^E}m) is a compatible 
family of linear isomorphisms such that eo = idg and pj, 2 ,m^ °P 2 , 3 ,m^ = (resp. 

° P' 2 , 3 ,m^ = p'x 3 ,m^)- Such a datum is usually called a stratification on E. 

Then, one has the functor 


(1.19) Inf(X/lXO ^ Str(X/lX,,), 

E HG- {Ex^, {P2,mEXr, ^ Ex„{l)^ ^ Pl,mEXr,]m)- 

We can also define the functor 


(1.20) Str(X/lX,) ^ Inf(X/W„) 

of converse direction as follows. If we are given (i?, {em}m) ^ Str(X/lXi) and 
an object f/ T in (X/lWi)inf, we define the coherent Oj-module E^ in the 
following way. Since there exists a morphism p : T —)■ X„ over Wn lifting the 
closed immersion X ^ X„ locally on T, Et is defined by Et '■= p*E locally. If 
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we have two morphisms : T —)■ as above, ip x ip' induces a morphism 

tf) : T — y Xn{l)m for some m, and 'ip*em dehnes a gluing data for the sheaf Et 
dehned locally as above. Thus Ex is dehned globally on T by descent. Then the 
family {Et}u^t gives an object of Inf(X/lT„). Thus the functor fll.20p is dehned. 
One can check that it dehnes a quasi-inverse of fll.lQp . and so fll.lQp is an equivalence. 

Next, because the canonical closed immersions Xn(r)m ^ induce the iso¬ 
morphism {Xn{r)m}m iud-schemes, we have the canonical equiv¬ 

alence of categories 

(1.21) Str(X,,/lT„) ^ Str(X/lTO. 


Finally, we have an equivalence 


(1.22) Str(X„/hF„) ^ (C>jis:„-coherent left "Dx^/Wn-modules) 

by |B0781 Prop. 2.11, Rmk. 2.13]. By combining fll.lQp . the quasi-inverse of fll.2ip 
and fll.22p . we obtain the equivalence fll.171) . 

By construction, the functors fll.lQp . fll.2ip and fll.22p are functorial with respect 
to X]y/W, namely, if we are given a diagram as fll.lip . we have the pullback by 
fw modulo p" on Str(X/kF„), Str(X„/kFji), and the category of dx^-coherent left 
Pjjf^/vi/^-modules, and the functors are compatible with respect to f* on Inf(X/kF„) 
and the above pullback functors. Thus the functors fll.l7p . fll.l8p are also functorial 
with respect to Xw/W. 

For any inhnitesimal crystal E on X/W or X/W^ the value Ex of E at any 
f/ T is locally free. To prove this, it suffices to consider the case of inhnitesimal 
crystals on X over k, and in this case, the claim follows from the equivalence fll.l7p . 
Katz’ theorem |Gie75l Thm. 1.3] and |DS071 Lem. 6]. 

For a smooth variety X over k, let Inf(X/kF)Q be the Q-linearization of the 
category Inf (X/IF), which is called the category of infinitesimal isocrystals on X. As 
in the case of crystalline site, one has a natural functor Inf(X/lF) Inf(X/kF)Q. 
When X is liftable to a p-adic smooth formal scheme Xw over W, the functor fll.l8p 
induces the full embedding 

(1.23) Inf(X/kF)Q ((Q (g) Ox^y^oheient left (Q 0 Vx^/wY^odvles), 


which is functorial with respect to Xw/W. For objects in the right hand side, the 
action of Q (g) T>Xwlw is assumed to be continuous. 


Next we recall the basic facts on convergent isocrystals |Ogu84| , |OguQO| . On a 
scheme X of finite type over k, the category Enl(X/kF) of enlargements is defined in 
|Ugu84 Defn. 2.1]. Objects are pairs (T, zx) where T is ap-adic formal flat scheme of 
hnite type over Spf(kF) together with a morphism (T (g)^^ fc)red ^ X. Morphisms 
in the category are the obvious ones. A convergent isocrystal |Ogu84 Defn. 2.7] 
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on X/K is a crystal on 'EiA{X/W) with value on {T,zt) in the Q-linearization 
Coh(C>T)Q of the category Coh(C>r). This dehnes a category Coiav{X/K) with the 
obvious morphisms, which is abelian |Ogu84 Cor. 2.10]. We denote the structure 
convergent isocrystal on X/K by Ox/k- The category Coiav{X/K) is functorial 
with respect to X/W, and it has descent property for Zariski coverings. 

When X is liftable to a p-adic smooth formal scheme Xw over W, we have the 
equivalence 


(1.24) 


Conv(,Y/A') 


C>Xiv)-coherent left q- modules), 


where ^ = Ihn^ Q (g) ■= •= ® 

is the ring of PD-differential operators of level m |Ber961 Prop. 4.1.4]. It is 
functorial with respect to Xw/W. 


For a smooth variety X over k, Ogus dehnes in |Ogu90 
faithful functor 


Thm. 0.7.2] a fully 


(1.25) <!> : Conv(X/iC) ^ Crys(W/W)Q 


using a nice system of objects in Enl(X/hF) and the local nature of isocrystals 
|Ogu90 Lem. 0.7.5], such that, for any 8 G Conv(X/iC), the convergent cohomol¬ 
ogy Hl^^-^{X/K,8) (dehned in |Ogu90[ Section 4]) and the crystalline cohomology 


H^^^PX/W,^{8)) coincide |Ogu90[ Thm. 0.7.7]. The functor $ is functorial with 


respect to X/W. Also, when X is liftable to a p-adic smooth formal scheme X\y 
over W, <F is compatible with the canonical functor 


(1.26) 


Ox, 


^^y-coherent left Q-modules) 


C>Xw)”Coherent left 


^l’ww)-modules). 


via fll.lOp and fll.24p . The functor fll.26p is obviously functorial with respect to 
Xw/W. In the following, we omit to write the functor $ and regard a convergent 
isocrystal on W as an isocrystal on {X/W)crys via the functor $. For the whole 
theory of convergent isocrystals, we also refer to |Ber96bj . |LeSn7] . 

For a smooth variety X over /c, we have the full embedding of sites {X/Wn)cTys ^ 
(X/hF)inf, which induces the functors 


: Inf (X/W) —^ Crys(X/W), : Inf(X/W)Q —^ Crys(X/W)Q. 

They are functorial with respect to X/W. When X is liftable to a p-adic smooth 
formal scheme Xw over W, 4*7 4)q are compatible with the canonical functors 

(1.27) (C>x^-coherent left Px,y/w-niodules) 

—^ (Oxpi.-coherent left &xly/w -modules). 
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(1.28) 


((Q (g) C>Xvy)-coherent left (Q 0 'Dxw/w")-modules) 

((Q (g) C>Xvi/)-coherent left (Q <g) 'D^^^^;,^)-modules) 

via fll.gp . (ll.lOp . fll.lSp . fll.lSp fll.23p . because the constructions involved are done 
in a parallel way for (iso)crystals and infinitesimal (iso)crystals. The functors (ll.27p 
and (I1.28P are functorial with respect to Xw/W. 

We prove that is fully faithful. To see this, we may work locally by Zariski 
descent for morphisms in \ni{X/W) and Ciys{X/W). So we may assume that X 
lifts to a p-adic smooth formal scheme X-^ over W. Thus we are reduced to proving 
the full faithfulness of fll.27p . Noting the local freeness of the values of any object 
in Inf(X/lT), we are reduced to proving the equality 

of horizontal elements for any Oxv^'^ocally free Px^/i^-module M. This is clear 
because any such M is flat over W and the image of Q (g)^ T^^Xwlw dense in 
Q <g)z T^Xw/w because, in terms of local coodinates x := (xi,..., x^), the former 

1 f d \ ^ 

contains the sections — ( ) in E N^) which topologically generates the latter. 

n\ \dxJ 

As a consequence, we see that the functor is also fully faithful. 

Also, we prove that the functor factors through <h and thus induces the 
functor 

\ni{X/W)^ Conv(X/A') 

which we denote also by <hQ. To prove it, we may work locally by Zariski descent for 
Co\iy{X/K) and full faithfulness of $. So we may assume that X lifts to a p-adic 
smooth formal scheme Xw over W, and in this case, the claim follows from the fact 
that the functor fll.28p factors through fll.26p . In the following, we omit to write 
also the functor and regard an infinitesimal isocrystal on X as a convergent 
isocrystal o\i X/K (hence an isocrystal on X) via the functor $q. 

We recall the functoriality of the categories discussed above with respect to the 
absolute Frobenius morphism F : X —> X. By applying the functoriality with 
respect to the diagram fll.ip in the case f = F and /' = aw, we obtain the pullback 
functors 


• Crys(A:/iy) —^ Crys(A:/W), • Crys(A:/W,) ^ Crys(X/B4), 

• Mic(x)‘i“ ^ mic(a:)‘1“, • mic(a:) ^ mic(x), 

• Coh(X) ^ Coh(A:), • Crys(A:/W)Q ^ Crys(X/W)Q, 

• ln{{X/W) —^ lni{X/W), • Inf(X/W„) — ^ lni{X/Wn), 

• Inf(A:/hF)Q ^ Inf(X/hF)Q, • Conv(A:/A:) ^ Conv(X/A:), 


13 




















which we all denote by F*. By the functoriality discussed above, the functors fll.2l) . 
fll.dp . fll.bp . fll.7p . fll.Sp for u = 1, fll.141) . fll.lSp . $, <h' are compatible with 
the various Frobenius pullbacks F*. In particular, the pullback F* by Frobenius on 
Crys(X/kF)Q respects the full subcategories Conv(X/iF), Inf(X/kF)Q. 

When X is liftable to a p-adic smooth formal scheme Xw over W and F is 
liftable to a morphism Fw ■ Xw —> Xw over aw, Fw and aw induce the pullback 
functors 

• MIC(X„)^“ ^ MIC(X„)^“, • MIC(Xv^)^°, 

• Str(X/kF„) ^ Str(W/W„), • Str(X„/kF„) ^ Str(X„/kF„), 

• (Oxv^-coherent left &Xw/w -modules) —> "Coherent left "D^^^^-modules), 

• ((Q <8) C>Xw)"Coherent left (Q (8) P^^y^)-modules) 

—)■ ((Q (g) Oxw)-coheTent left (Q (g) :D^^/^)-modules), 

• (C>x„-coherent left "Dx^/Wn-modules) —y -coherent left "Dx^/Wn-modules), 

• (Oxvy-coherent left Pxvi//w-cnodules) —> (C>Xvi/-coherent left 'Dxiy/w-modules), 

• ((Q (g) C>Xvi/)-coherent left (Q (g) F>Xw/vu)-Kiodules) 

—)• ((Q (g) )-coherent left (Q (g) Pxvi//w)-niodules), 

• ((Qig) C>Xvi/)-coherent left Q-modules) 

—y ((Q (g) )-coherent left q- modules), 

which we all denote by F-^. The functors fll.Sp . fll.91) . fll.lOl) . fll.131) . fll.171) . fll.lSp . 
(irm . (nxm . (nxm . (nxm . (nxm . nr:^ . fir^ are compatible with the 

various pullbacks by Frobenius or its lifting. 

We give a short review on Cartier descent and the inverse Cartier transform 
after Ogus-Vologodsky [OV07] . 

For {E,X) G MIC(X), one defines the p-curvature (3 : S*Tx —)■ SndoxiE), 
which is an F*-linear algebra homomorphism. We say that {E, V) has zero p- 
curvature (resp. has nilpotent p-curvature of length p — 1) if (3{S^Tx) = 0 for n > 1 
(resp. n > p). We denote the full subcategory of MIC(X) of modules with integrable 
connection with zero p-curvature (resp. nilpotent p-curvature of length p — 1) by 
MICo(W) (resp. MICp_i(W)). The forgetful functor MICs(W) —)■ Coh(W), s = 
0,p — 1, yields the abelian structure on MICs(W) with respect to which the functor 
is exact. 

A Higgs module is a pair (77, 9) consisting of a coherent Ox-module H and 
an Ox-linear morphism 9 : H —)■ H 0 72^ satisfying the integrability condition 
9 A9 = 0. The map 9, called the Higgs held, induces an Ox-algebra homomorphism 
S*Tx —y £ndox{.H), denoted by the same symbol 9. We say that {H,9) has 
nilpotent Higgs field of length < p — 1 if 9{S"‘Tx) = 0 for n > p. With the obvious 
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morphisms, we denote the category of Higgs modules with Higgs field zero (resp. 
nilpotent Higgs held of length < p — 1) by HIGo(X) (resp. HIGp_i(X)). The 
forgetful functor HIGs(X) —)■ Goh(X), s = 0,p — 1, yields the abelian structure 
on HIGp_i(X) with respect to which the functor is exact, and is an equivalence of 
categories for s = 0. 

For a coherent (9x-niodule E, F*E is uniquely endowed with an integrable con¬ 
nection Vcan with zero p-curvature which is characterized by the condition that 
E~^{E) C E*E is the subsheaf of abelian groups of hat sections. The functor 

(1.29) Goh(Ox) ^ MIGo(X), E ^ {E*E, Vcan) 

is an equivalence of categories. This fact is called Cartier descent f [OV07[ Section 2]). 
It is easy to see by direct calculation that the functor E* : MIG(X) —)■ MIG(X) 
factors through fll.291) and hence it has the form 

(1.30) E* : MIG(V) Goh(X) MIGo(X) c MIG(V), 

(F;,V)^(F*E,Vcan). 

Ogus-Vologodsky generalized the equivalence fll.291) when X admits a smooth 
lifting X over W 2 - (In |OV07] . they assume the existence of a smooth lifting X' of 
the Frobenius twist X' := X k over W 2 , but this is equivalent to the condition 
above because k is perfect.) Assuming the existence of X, they generalized the 
equivalence fll.291) to the equivalence 

(1.31) C-^ : HIGp_i(X) ^ MIGp_i(A:), 

which is called the inverse Cartier transform. (Precisely speaking, the functor C~^ 
here is the functor ° used in [OV07( (4.16.1)] for X jS = (X, X')/Spec H^ 
and S = Specfc.) Note that any object (77, V) in MIG(X)'^“ with E torsion free of 
rank < p is contained in MIGp_i(X). 

Finally, we recall some terminologies on (semi)stability. When X is projec¬ 
tive, we £x a fc-embedding t : X of X into a projective space and de¬ 
note the pullback of C>p^(l) to X by For a coherent, torsion free Ox- 

module E, the slope fi{E) = deg(i7)/rank(i7) and the reduced Hilbert polyno¬ 
mial PEix) = x(X, 77 ®Ox C>x(u))/rank(77) are dehned with respect to OxiX), as 
well as /i- (Mumford-Takemoto) or (Gieseker-Maruyama) (semi)stability. As 
usual, 77 G Goh(X) is said to be p-(semi)stable if it is torsion free and p{E') < 
/i(77) (/i(77') < /i(77)) for any strict subobject 0 7 ^ 77' C 77, and it is said to be 
strongly fi-semistable if (7^”)*(77) is p-semistable for all natural numbers n. Simi¬ 
larly for x-(semi)stability. 

We say that an object 77 in Grys(X/A;) = MIG(X)‘^'^ is p-semistable as a crystal 
if 77 is torsion free as an C>x-niodule and p(77') < p(77) for any non-zero subobject 
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E' of E in Crys(X//c) = MIC(X)'i'^. Similarly, we say that an object {E,V) in 
MICp_i(X) (resp. in HIGp_i(X)) is (semi)stable if i? G Coh(X) is torsion free 
and ti{E') < fi{E) (/i(-E') < /^(-E)) for any strict subobject 0 ^ {E', V') of {E, V) in 
MICp_i(X) (resp. in HIGp_i(X)). 


2 Statement of the main results 


We say that £ G Grys(X/W)Q (resp. Gonv(X/it'), Inf(X/hh)Q, Inf(X//c)) is con¬ 
stant when it is isomorphic to a hnite sum of the structure isocrystal Q G) Ox/w 
(resp. the structure convergent isocrystal Ox/k, the structure isocrystal QgC>x/w, 
the strucure crystal Oxik)- As a p-adic version of Gieseker’s conjecture, according 
to which if a smooth projective variety X over an algebraically closed held k has 
a trivial etale fundamental group, then inhnitesimal crystals on X/k, that is Ox- 
coherent "Dx-Kiodules, are constant (see |EM10j for a positive answer), Johan de 
Jong posed the following conjecture in October 2010: 

Conjecture 2.1 (de Jong). Let X be a connected smooth projective variety over 
an algebraically closed field k of characteristic p > 0 and assume that the etale 
fundamental group of X is trivial. Then any isocrystal £ G Grys(X/hh)(Q is constant. 

By the fully faithful functor $ : Gonv(X/Jt') —)■ Grys(X/iy)Q dehned in fll.25p . 
Goniecture 12.11 contains the sub-conjecture 


Conjecture 2.2. Let X be a connected smooth projective variety over an alge¬ 
braically closed field k of characteristic p > 0 and assume that the etale fundamental 
group of X is trivial. Then any convergent isocrystal £ G Corw^X/K) is constant. 


The aim of this article is to discuss Conjecture 12.21 We restrict our attention to 
Conjecture 12.21 rather than Conjecture 12.11 mainly because we shall strongly use the 
following proposition, which is a special case of |Ogu84 Cor.4.10]: 


Proposition 2.3. Let X be a smooth variety over k. Then the pullback functor 
E* : Conv{X/K) —)■ Conv(X/i^) is an eguivalence of categories. 


Hence, for any convergent isocrystal £ on X/K and for any n G N, there is the 
unique convergent isocrystal £^^'^ on X/K with E*^£^'^'> = T up to isomorphism. We 
call this the E'^-division of £. 


Remark 2.4. The category Conv(X/i^) is characterized as the intersection 

p|Im(F*)” 

n 

of the essential images of (F*)” {n g N) in Crys(X/hT)Q. The inclusion Conv(X/F) C 
fj^Im(F*)” follows from Proposition 12.31 To prove the inclusion in the other direc¬ 
tion, we take £ G fj^Im(F*)”'. To prove that £ belongs to Conv(X/iP), we may 
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work locally, and so we may assume that X is liftable to a p-adic smooth formal 
scheme over W endowed with a lift : X\y —> X\y of Frobenius morphism 
F on X. Then F\y induces an equivalence of categories 

{FwT :((Q ® Ox^ycoheient left (Q (g) V^xl/w) -modules) 

((Q (g) Oxw)-coh.eTent left (Q 0 P^^^^y)-modules) 

such that the composition of it with the canonical functor 

((Q 0 C>Xw)’Coherent left (Q 0 F^^^^)-modules) 

—> ((Q 0 C>Xvi/)"Coherent left (Q 0 'D^^^^)-modules) 

is equal to the pullback functor (F^)"' on the category of (Q0 coherent left 

(Q 0 F^^^^y)-modules, by [BerOOl Thm. 4.1.3, Rmq. 4.1.4(v)]. From this and the 
compatibility of the functor fll.ldp with F* and F^, we see that the (Q 0 Oxy^r)- 
coherent left (Q 0 F^^^^)-module corresponding to S admits an action of Q 0 
'^Xwiw Scich actions for n G N are consistent because Q^F^Xw/w dense 

in Q 0 F^Xwjw- Thus the actions induce the action of q := 1^^ Q 0 F^Xwjw- 
Hence E belongs to Conv(X/iF) by the equivalence fll.24p . 

Remark 2.5. Proposition [53] does not necessarily extend to Crys(X/fF)Q via fll.25p 
even when X is projective and smooth, as is shown in Proposition 12.131 below. 

Given E in Conv(X/iF) or Crys(X/hF)Q, a crystal F G Crys(X/hF) is called 
a lattice of E if it is p-torsion free and = Q 0 F in Crys(X/hF)Q. Out of any 
choice F G Crys(X/hF) with = Q 0 F in Crys(X/hF)Q, one constructs a lattice 
as follows. The surjective morphisms F/Ker(p"''''^) —)■ F/Ker(p”) in Crys(X/hF) 
become isomorphisms for n large. Indeed, as X is of hnite type, it is enough to 
show it on an affine X, for which one applies fll.9p . Then F/Ker(p”) for n large is 
a lattice of E. Clearly, there are then many lattices of the same E. 

We now formulate the hrst main result, proved in Section [31 (compare with [Shil4i 
Thm. 1.7, Cor. 1.10]). 

Theorem 2.6. Let X be a connected smooth projective variety over k with trivial 
Stale fundamental group. If E & Conv(X/X) is such that for any n G N, the F""- 
division E^F qJ g admits a lattice yjHh F^^ G Coh(X) strongly p,-semistable, 
then E is constant. 

We have the following corollary conhrming the conjecture of de Jong for inhnites- 
imal isocrystals, which will be also proved in Section [3] 

Corollary 2.7. Let X be a connected smooth projective variety over k with trivial 
Stale fundamental group. Then any infinitesimal isocrystal on X is constant. 
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A non-zero £ G Comr{X/K) is called irreducible if it is in its category (recall it 
is abelian), i.e. if it does not admit any non-zero strict subobject. In general, every 
object admits a Jordan-Holder filtration. Its irreducible subquotients are called 
irreducible constituents. Using Theorem 12.61 we shall prove the following theorem 
in Section m 

Theorem 2.8. Let X be a connected smooth projective variety over k with triv¬ 
ial etale fundamental group. If £ E Convex/K) satisfies either of the following 
conditions: 

(1) any irreducible constituent of £ is of rank 1; 

(2) < 2 and any irreducible constituent of £ is of rank < 2; 

(3) /rmax(hlx) < 1 irreducible constituent of £ is of rank < 3; 

(4) r > 4, < ,r, o,nd any irreducible constituent of £ is of rank < r, 

N[r) 

where N(r) := max lcm(a,6). 

a,b>l,a+fo<r 

then £ is constant. 

Corollary 2.9. Let X be a connected smooth projective variety over k with trivial 
etale fundamental group. Then 

(1) any £ G Conv(X/A') of rank 1 is constant; 

(2) if Hraaxi^x) < 0, then any £ G Conv(X/A') is constant. 

By |Lanl5bl Thm.0.1], simply connected non-uniruled Calabi-Yau varieties of 
dimension d in characteristic > {d — l){d — 2) fulhll condition (2). However, even 
if many examples of Calabi-Yau varieties which are not liftable to characteristic 0 
are known, it is not clear whether some of them are not uniruled. If X is simply 
connected and uniruled, it is likely that one can show that £ G Conv{X/K) is 
constant directly by geometric method. 

When p > 3, there is a purely cohomo logical proof of Corollary 12.91 (1). The 
following proposition is due to the hrst named author and Ogus. 

Proposition 2.10. Let X be a connected smooth projective variety over k with 
trivial etale fundamental group. Then 

(1) for p > 3, any locally free E G Crys(Y/lU) of rank 1 is constant; 

(2) extensions in Crys(Y/lU)Q of Q<^ Oxjw by itself are constant. 

Proof. Since the etale fundamental group is trivial, H^{X,Of^) has no torsion of 
order prime to p. So Pic°gj(Y) = 0 and so H^j.y^{X/W, Oxjw) = 0. This proves (2). 

To prove (1), it suffices to prove the similar assertion for crystals on the nilpotent 
crystalline site (Y/lU)Ncrys, by [Ber74l IV Rmq. 1.6.6]. 
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One has the exact sequences on (X/Ph)Ncrys 5 

( 2 . 1 ) 1 ^ ^ 

(2.2) 0 —;■ J —)■ Oxjw —t Ox —t 0, 

dehning J and K. The p-adic logarithm log \ K ^ J and exponential exp ■. J ^ K 
functions are well dehned and are isomorphisms on (X/hh)Ncrys- Hence, from the 
exact sequences fl 2 .ip . fl 2 . 2 p . we obtain on (X/lT)Ncrys the exact sequences 

(2.3) 

0 ^ J) ^ 4 H\X, OJ) 4 Hl^.{XIW, J), 

and 

(2.4) 0 ^ J) 4 Ox/w). 

From 02.4|) and the vanishing {X/ W, Oxiw) = H^rysi^/'^^^x/w) = 0 

(where the hrst equality follows from |Ber741 V 2.4]), one deduces H^^^y^{X/W, J) 
= 0. Hence a is injective. Moreover, by 02.31) . we obtain the commutative diagram 

(2.5) J 

where 6 is induced by the inclusion Z —)■ Zp and e is the Zp-linearization of 7 o 
logo/3. By construction, the upper horizontal line is a complex. On the other 
hand, <5 is injective because H^{X,Ox) has no torsion of order prime to p. Also, 
by the commutativity of the diagram [Gro851 I (5.1.7)], e is identihed with the map 
NS(X)( 8 )Zp —)■ Ox/w) given in [111791 H Prop. 6 . 8 ] and so it is injective. 

Then an easy diagram chase shows that O^/iy) = 0. This proves (1). □ 

Proposition 12.101 together with the following proposition implies Corollary 12.91 
(1) when p > 3. 

Proposition 2.11. Let X be a smooth variety over k. Then any isocrystal on 
X which is filtered such that the associated graded isocrystal is a sum of rank 1 
isocrystals admits a locally free lattice. 

Proof. We start with the rank 1 case. The idea of the proof is simple. Locally it 
uses the equivalence (II.9p and the fact that the reflexive hull of a rank 1 coherent 
sheaf on a regular scheme is locally free. 

So assume hrst X lifts to an affine p-adic smooth formal scheme X^ = Spf(A) 
(hence X = Spec(A/p)). Let E he a. lattice of a rank 1 isocrystal £. Via fll.9p . 
writing M = r{X\Y, E), E G Crys(X/hF) is given by an integrable quasi-nilpotent 
connection 

(2.6) Vm ( M —y M (K>yi 
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where := r(X„, Then A, M are sheahhed to O, Ai on 

Spec (A) by the standard procednre. 

As M is p-torsion free and A[p“^] (8)^ M is a projective module over A[p“^] of 
rank 1, there is a closed codimension > 2 subscheme C C Spec (A) such that Ai 
restricted to Spec (A) \ C is locally free of rank 1. Dehne N = r(Spec (A) \ C, M). 
Then, as A is regular, iV is a projective A-module of rank 1 and, as is a projective 
A-module, projection formula implies that (I2.6p induces an integrable connection 

(2.7) Vn-.N^N®a^\ 

which is quasi-nilpotent, as this condition is local on sections of M.. The connection 
(12.7p can be seen as a connection on Xw = Spf (A), and so it dehnes a locally free 
lattice E in Crys(X/lT) of £. 

Then we can glue the locally dehned lattices of 8 by Lemma 12.121 below, by 
replacing the lattices E by p^E for suitable n’s. This hnishes the proof of the rank 
1 case. 

Let 0 —)■ A A ^ 0 be an exact sequence in Crys(X/lT)Q, with £ ^ 
7 ^ 0, both £'\ £” satisfying the assumptions of the proposition. Let E be 
a lattice of £. Then 0 —?■ a“^(Ker(&)) A 77 6(77) —)■ 0 is an exact sequence e 

in Crys(X/lT), while a“^(Ker(6)) is a lattice of £', and h{E) is a lattice of £''. By 
induction on the rank of £, there are locally free lattices 77' of £' and E" of £'\ which 
we can rescale by multiplication with p-powers such that they are injective maps 
E" -A b{E) and a“^(Ker(6)) A 77'. If we pull back e by i and push the resulting 
extension by j, we obtain the extension 0 —)■ 77' —)■ 77'" —)■ 77" —)■ 0 of 77" by 77' in 
Ciys{X/W) such that Q <8) 77'" = £. Moreover, 77'" is locally free. This hnishes the 
proof. □ 

Lemma 2.12. Let X be a eonnected smooth variety over k and let 77,77' be rank 1 
locally free crystals on {X/W)crys endowed with an isomorphism p : Q^E ^7 Q(8)77' 
in Crys(X/lT)Q. Then, for some n G Z, p induces an isomorphism p^E ^7 77' in 
Ciys{X/W). 

Proof. By assumption, p induces the isomorphism Q (8) (77^ ® 77') Q ® Oxjw in 
Crys(A:/iy)Q. Thus Hl^^{X/W, E^ ® E') = Homcrys(x/w)(^, E') = p^W for some 
n G Z. Hence <p induces an invertible morphism p^E —> 77', thus an isomorphism. 

□ 

We shall reprove in Theorem 14.41 by a different method a weaker version of 
Proposition 12.111 together with statements in the higher rank case. 

Finally in this section, we provide an example for which E* is not surjective on 
Crys(W/hF)Q, which we promised in Remark 12.51 
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Proposition 2.13. Assume p > 3 and let X be a supersingular elliptic curve. Then 
the pullback functor 


F* : Crys(X/lP)Q ^ Crys(X/PP)Q 
is not essentially surjective. 

Proof. Let Xw be a formal lift of X over Spf W and let ca be a generator of 
Then {Oxy^id + poj) defines a module with integrable connec¬ 
tion on Xy/ over W and one can check that it is quasi-nilpotent. Hence it dehnes 
a non-constant locally free crystal of rank 1 on {X/W)crysi which we denote by E. 

We prove 

Claim 2.14. {Oxyy,d + pu) G Crys(X/kh)Q is not inhnitely F*-divisible. 

Proof. By Lemma [2.121 when E' is a locally free crystal of rank 1 on {X/W)crys such 
that Q 0 i? = Q 0 Ej then E and E' are isomorphic crystals. So, if E is inhnitely 
F*-divisible in Crys(X/lL)Q, then so in Crys(X/kL). Hence it suffices to prove that 
E is not inhnitely F*-divisible in Crys(X/W). 

By the restriction functor from Crys(X/kL) to the category of crystals on (W/lH)Ncrys, 
it is enough to show that E on (l^/kL)Ncrys is not inhnitely F*-divisible. 

Assume that E = with Ef G for n G N. Then 

{K)x G is a p^-torsion line bundle, thus is constant as X is super¬ 
singular. Thus via fl2.3p . E,E'^ G J), and via fl2.4p . 0 ^ l{E) = 

(F*)-7(^;) e H^,,^^{X/W,Ox/w) = Hi^^{X/W,Ox/w). As the slopes of E* on 
Hl^^{X/W,Ox/w) are strictly positive, this is impossible. 

□ 

□ 


3 


Proof of Theorem 


2.6 


In this section, we prove Theorem 12.61 so throughout, X is a smooth projective 
variety of dimension d over an algebraically closed held k of characteristic p > 0. 

A coherent Ox-Kiodule E has crystalline Chern classes cW^(i?) in crystalline 
cohomology H^^y^{X/W), a module of hnite type over W. In [Lanlip §1.1], numerical 
Chern classes Ci{E) are dehned in the group Zd-i{X )/where ~ is the numerical 
equivalence relation on the free group on dimension [d — i)-points. Denoting by 
C Hlly^{X/W) the sub-lH-module spanned by the one has a group 

homomorphism —)■ (Zd-i^X)/ ~) <Z>z kh- Since Zd-i{X)/ ~ is a free Z-module 

of hnite rank, = 0 implies Ci{E) = 0. As the (reduced) Hilbert polynomial 

depends only on Ci{E), if Ci{E) = 0 for alH > 1, then pe = POx- 
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Proposition 3.1. Let X be a smooth projective variety over k, let 8 be a convergent 
isocrystal on X/K and let E G Ciys{X/W) be a lattice of 8. Then cf^^{Ex) = 0 
for any i > Q, and, if Ex is torsion free, pex = VOxi = 0. 

Proof. For n G let 8 '^"'^ be the F"-division of 8 and let G Crys(X/hF) be 
a lattice of 8^'^\ As X is smooth, there exists locally a lift Xw of X to a smooth 
p-adic formal scheme over W and a local lift of E on Xw, which is faithfully flat. 
Thus the equivalence fll.Qp implies that the p-torsion freeness of a crystal is preserved 
by E* and so is a lattice of 8. In addition {{E*)'^E^'^'>)x = {E*)'^E^ff\ 

Hence, if we prove cf^^{Ex) = in this situation, we have cf^^{Ex) = 

^crys((^*)n^H) ^ p"^"^{E^x ) for all u > 1, thus cf^^{Ex) = 0 in the hnite type 
IF-module Hlf^^{X/W), as claimed. Therefore, it suffices to prove that cf^^{Ex) 
does not depend on the choice of the lattice E. 

So let E' be another lattice of 8. Then, replacing E' by p“F' for some a G N, 
one has p'^E <Z E' E for some n G N, where p^E is the image of p” : F —)■ F, 
and it suffices to treat this case. For 0 < i < n, let F'* be the image of the map 
F' © p*F —> E defined as the sum of inclusions. Then we have F'° = F, F'"' = F' 
and pF'*“^ C F'* C F'*“^ (1 < f < n). So to prove the equality c"^^(F) = c“^®(F'), 
we may assume that pF E' E. If we denote Q := Coker(F' E), we have the 

following commutative diagram with exact horizontal lines in Crys(X/hF): 


> L 

7 -^ 1 

5 ^ Q 

p 

p 

0 

> E' -^ F -^ Q 


By the snake lemma, we obtain the exact sequence 

0 ^ Q ^ E'/pE' —^ E/pE ^ Q ^ 0 

in Crys(Af/IF). Since all the objects in the above sequence are p-torsion, we can 
regard it as an exact sequence in Crys(X/fc). By evaluating this sequence at X and 
noting the equalities {E/pE)x = Ex/pEx = Ex, {E'/pE')x = E'^IpE^ = E'^, we 
obtain the exact sequence 

0 —> Qx —> E'x —> Ex —> Qx —> 0 

of coherent C>x-niodules. Hence [Ex] = [E'x] Kq{X) and so c^^{Ex) = c“^^(F^) 
for all i G N. □ 

The following proposition, which uses Gieseker’s conjecture, proven in |EM10] . 
is the key step for the proof. 

Proposition 3.2. Let X be a connected smooth projective variety over k with trivial 
etale fundamental group. Let r be a positive integer. Then there exists a positive 
integer a = a{X, r) satisfying the following condition-. For any seguence of x-stable 
sheaves {FjjjhQ on X with rankFo < r, pe^ = pox (0 < i < a) and E*Ei = 
Ei+i (0 < i < a — 1 ), Ea is necessarily of rank 1 and isomorphic to Ox- 
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Proof. By standard base change argument, we may assume that k is uncountable. 
For 1 < s < r, let Mg be the moduli of y-stable sheaves on X with rank s and 
reduced Hilbert polynomial po^, which is constructed by hanger ( [Lan04j , |Lan04b] ). 
It is a quasi-projective scheme over k. Also, let Mg^n be the locus of closed points 
consisting of y-stable sheaves G such that {F*)'^G remains y-stable. It is known to 
be an open subvariety of Mg endowed with the reduced structure. (See discussion 
in the beginning of |EM10[ §3].) The pullback by F induces the morphism V (over 
a) called Verschiebung 


-^ A M,,i A Mg. 

Let ImH" be the image of : Mg^n —> Mg, which is a constructible set of the 
topological space Mg. Then, dimiml/" is stable for n 3> 0, which we denote by 
/. Assume / > 0. Then the generic point of some irreducible closed subscheme of 
dimension / remains contained in ImH” {n G N). Pick such an irreducible closed 
subscheme and denote it by C. Then G H \mV^ is non-empty for any n G N and 
it contains an open subscheme of G. So there exists a closed subscheme Dn C G 
of smaller dimension such that G fl ImH" ^ G \ Dn. Then G fl (f]^ ImH"') D 
G \ (IJ^ Dn), and G \ (IJ^ Dn) contains at least two /c-rational points P, P', because 
k is uncountable. On the other hand, the /c-rational points of ImH” are moduli 
points of inhnitely F-divisible torsion free sheaves, thus they are locally free inhnitely 
F-divisible sheaves. By the affirmation |EM101 Thm. 1.1] of Gieseker’s conjecture, 
fj^ ImE" is either empty or consists only of the moduli point of Ox- Since P, P' are 
different fc-rational points of ImH"', this is a contradiction. So ImH” consists of 
a hnite set of points (possibly empty) for some n. Then, since ImH”' is empty 
(if s > 2) or consists of one point corresponding to Ox (if s = 1), it is equal to 
Imy«(s) for some a(s) G N. Let us dehne a to be the maximum of natural numbers 
o(s) (s < r). Then, if we are given a sequence as in the statement of the 

proposition with s := rankEo < r, Ea dehnes a fc-rational point of C Mg. 

Then s should be equal to 1 and Ea should be isomorphic to Ox- □ 

We also use the following proposition. 

Proposition 3.3. Let X be a connected projective smooth variety over k with trivial 
etale fundamental group. Then there exists a positive integer b = b{X) satisfying the 
following condition: For any seguence of locally free sheaves on X with 

rankEo = r, F*Ei = Ej+i (0 < i < 6(r —1) —1) such that Eq is an iterated extension 
of Ox, Eftp-i) is isomorphic to 0\. 

Proof. The proof is similar to that in |EM101 Prop. 2.4]. By |Mum70[ Cor. on p.l43], 
one has the decomposition 

H\X, Ox) = H\x, Ox)niip e H\X, Ox)ss 
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of Ox) as /c-vector spaces such that the absolute Frobenius F* acts nilpotently 

on Ox)m\p and as a bijection on H^{X, C>x)ss- Moreover, one has 

(3.1) H\X, Ox)ss = H\X, Ox)^=^ k 

= Hl^{X, Fp) (8)Fp k = Hom(7rf (X), Fp) (g)Fp k = 0, 

and there exists some b E N such that (F*)^ acts by 0 on H^{X,Ox)m\p, since 
H^{X,Ox)mip is hnite-dimensionah So (F*)^ acts by 0 on H^{X,Ox)- We prove 
the proposition for this choice of b. 

By assumption on Eq, there exists a hltration 

0 = Fo,o C Fo,i C • • ■ C Eo,r = 

the graded quotients of which are isomorphic to Ox- By pulling back to Ei via 
(F*)*, we obtain the hltration 

0 = Fi,o C Fi,i C • • • C Ei^r = Ei 

of Ei still with graded quotients isomorphic to Ox- We prove that F6(£_i) £ is 
isomorphic to Ox t>y induction on i. Assume that Fb(£_i)£ = Ox- Then, for 
b{l — 1) < n < bl, consider the extension class of the exact sequence 

0 —> En,e —> En,i+i —> Ox —^ 0 

in H^{X, En/) = H^{X, OxY- The family of classes {en}Y=b{i-i) dehnes an element 
of the inverse limit of the diagram 

H\X, OxY A • • ■ A Fi(X, OxY 

of length b with last component eu- Then, by dehnition of b, eu = 0. So EM,e+i is 
isomorphic to O^^. This hnishes the proof. □ 

We use Propositions 13.21 and 13.31 to proceed towards the proof of Theorem 12.61 

Proposition 3.4. Let X be a connected smooth projective variety over k with trivial 
etale fundamental group. Letr he a positive integer. Let £ G Conv(X/F) he of rank 
r and let E be a lattice of £ such that Ex G Coh(X) is strongly fi-semistable. 
Then, there exists a positive integer c = c{X,r) such that {{F*)^E)x G Crys(X/fc) 
is constant. 

The following result of hanger [Lanlll Theorem 4.1] plays a crucial role in the 
proof of Proposition 13.41 

Theorem 3.5 (hanger). Let X be a smooth projective variety over k, let E be 
a strongly fi-semistable sheaf with vanishing Chern classes. Then there exists a 
filtration of E whose graded guotients are jx-stable, strongly n-semistable locally free 
sheaves with vanishing Chern classes. 
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Proof of Proposition \3^ Take a = a{X,r),b = b{X) e M so that the statement of 
Propsitions 13.2113.31 are satished, and set c := br{r — 1) + or + 1. We prove that the 
proposition is true for this choice of c. 

First, note that {F*)^Ex = {{F*)^E)x for any n G N. Hence {F*)^Ex has van¬ 
ishing Chern classes by Proposition 13.11 and is strongly /i-semistable by assumption, 
for all n > 0. 

For 0<n<c — 1 = br{r — 1) -|- ar, dehne a hltration {{{F*YEx)qYq=Q of 
[F*YEx whose graded quotients are /r-stable, strongly /i-semistable with vanishing 
Chern classes, in the following way. First, when n = 0, take a hltration {{Ex)qYYo 
of Ex whose graded quotients are /i-stable, strongly /i-semistable with vanishing 
Chern classes. (Such a hltration exists by Theorem 13.51 because Ex has vanishing 
Chern classes by Proposition 13 .1 1 and strongly /i-semistable by assumption.) When 
we dehned {{,{,F*Y-^Ex)qYY=Y the pull-back {F*{{F*Y-^Ex)qYY=o oi it by F* 
dehnes a hltration of {F*YEx whose graded quotients are strongly /i-semistable 
with vanishing Chern classes. Then, using Theorem 13.51 for the graded quotients, we 
can rehne this hltration to a hltration {{{F*YEx)qYq=o of {.F*YEx whose graded 
pieces are /i-stable, strongly /i-semistable with vanishing Chern classes. 

By dehnition, we have 


1 < go < < ■ ■ • < Qc-l = qbr(r-l)+aT < T. 

So, there exists some j with 0 < j < b{r — 1)^ -|- a{r — 1) such that qj = ■ ■ ■ = 
qj+b{r—l)+ai • Q)- 

Put Gn,q ■= {{F*YEx)q/{{F*YEx)q-i- Then, for each I < q < Q, any sub¬ 
sequence of length a of the sequence satishes the assumption of 

Proposition 13.21 Hence (1 < g < Q) are isomorphic to the 

constant sequence Then, we can apply Proposition 13.31 to the se¬ 
quence So (hence {F^f-^Ex = O^) 

in Coh(X). 

Therefore, {{F*Y~^E)x has the form (Ox,^) when regarded as an object in 
MIC(X)‘^“ via the equivalence fll.Sp . Then, by fll.30p . one has 


{{FrE)x = FYO^x,^) = i0^x,d) 

in MIC(X)‘^“. So {{F*YE)x G Crys(X//c) is constant. 


□ 


Proposition 13.41 deals with the value of a lattice of an isocrystal in Crys(W//c). 
To go up to Crys(X/hFn), we consider the deformation theory of crystals. 

Let X be a smooth projective variety over k and £x n, r G N. Let us denote 
the restriction functor Crys(X/lWi+i) —)■ Crys(X/W„) by G i-G- G. Let V be 
the set of pairs (G, <p) consisting of G G Crys(X/hFn+i) and an isomorphism (p : 
O^xiWr, ^ Crys(X/lWi). Then "D is a pointed set, whose distinguished element 
is (Gx/iv„+i) id). The pullback {G,(p) i-G- {F*G, F*(p) by F* dehnes a morphism of 
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pointed sets F* : V —> V. We denote by H^^^{X/k) the crystalline cohomology of 
X over /c, which is the same as the de Rham cohomology 

Proposition 3.6. Let the notations be as above. Then there is an isomorphism of 
pointed sets 

e-.V^ Hi^^iX/kf. 

Moreover, the following diagram is commutative-. 


(3.2) 


V W,^,{x/kf 

. JP* 

V Hl„,(XlkY\ 


Proof. For i = n,n + 1, let Di he the PD-envelope of the closed immersion X M- 
Pwe- Using the eqnivalence Crys(X/lW) = of fll.l2p . we con¬ 

sider the pointed set "D in terms of objects in MIC(F)£)‘^“. Namely, we denote the 
restriction MIC(Zi)„+i) —)■ MIC(F)„)‘^“ by (G, V) (G, V) and we regard V as the 
set of pairs ((G, consisting of (G, V) G and an isomorphism 

if : (Gz)„,d) ^ (G, V) in MIC(D„)'^F 

Assnme given an object G := ((G,V),</?) in P. Take an affine open covering 
Id = {Ua\a of Dn+i and for each a, take an isomorphism fja : G\u^ which 

lifts oach Ua, the connection '0a*(V) is written as d + p'^Aa, where 

Aa e Mr(r’(l7a,^hi))- On each Uag := Ua n Ug, the glning o {'4’g\u^p) 

is given by 1 + p’^Bag, where Bag G Mr{T{Uag, O d^)) ■ Then, dAa = 0 by the 
integrability of the connection '0 q,*(V) and Bg^ — Ba-y + Bag = 0 by the cocycle 
condition for the maps i'f’a\uap)~^ ° (V'/?Ic/c/s)• Also, by the compatibility of the 
connection with the glning, we have the eqnality 

(1 + p^Bag)-^d{l + p^Bag) + (1 + p^BagyV^ail + P^Bag) = p^Ag. 


We see from this the eqnality Ag — Aa = dBag. So {{Aa},{Bag}) dehnes a 1- 
cocycle of Totr(G,r2^J^ . We dehne e(G) to be the class of this 1-cocycle in the 
cohomology H\AotV{U,niy) = HiyX/kY\ 

In order to show that this is well-dehned, we need to check that e(G) is inde¬ 
pendent of the choice of the affine open covering U = {Ua}a and the isomorphisms 
{Ya}a- If choose another set of isomorphisms {Y'a}ai have another set of ma¬ 
trices ({A'q,}, {B'y). Then, on each Ua, the map U given by H-p^Ga, where 

Ca G MriViUa, Oof)), and we see by direct calculation the equalities dCa = A'^—Aa, 
Cg — Ca = B'^p — Bag. So the class e(G) does not depend on the choice of the isomor¬ 
phisms {ipa}a- One can prove the independence of the choice of affine open covering 
Id = {Ua}a by taking a rehnement. So we obtain the map e : V —)■ , 

and it is easily seen that this is a map of pointed sets. One can prove the bijectivity 
of e by considering the above argument in reverse direction. 
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Finally, we prove the commuativity of the diagram fl3.2p . Let Fp : —> 

be the a^^^^-linear map which sends the coordinates to their p-th powers. 
Then, there exists a nniqne PD-morphism Fd„+i : F*n+i —t Dn+i which makes the 
following diagram commntative: 


X 


^ D 


n+l 


dN 

W „+1 


Fd 


n+l 


Fp 


X - > Dn+1 


P 


N 

W„+i- 


Becanse Fd„+i mod p is eqnal to the Frobenins map Fd, for Hi, we see (from the 
above expression of cocycle) that the class e{G) = [({Aq,}, is sent by F* (on 

cohomology) to = e(F*(G)). From this, we see the desired 

commntativity. □ 


Proposition 3.7. Let X be a connected smooth projective variety over k with trivial 
Stale fundamental group. Let £ G Conv(X/F). Let E he a lattice of £ such that 
the restriction Ex G Crys(X//c) is constant. Then there exists a positive integer 
d = d{X) such that, for any n G N, the restriction E)n of (F*)'^^”“^^F G 

Crys(X/kF) to Crys(X/l+i) is constant. 

Proof. We have the decomposition H^^y^{X/k) = H^,^^{X/k)r,iip © H^,.ys{X/k)ss of 
Hl^y^{X/k) as in the proof of Proposition 13.31 where H^{X,Ox) is replaced by 
Fpj.yg(X/fc). As F* is 0 on the image of iF°(X, 12^^^) in iF^j.yg(X//c), one has 
Fpj.yg(X/fc)ss C H^{X,Ox)ss = 0 by (13.Ih . and there exists some d G N snch that 
{F*Y acts by 0 on Fr(l,.yg(X//c)niip, since Fll^yY^/F)ni\p is hnite-dimensional. So {F*Y 
acts by 0 on iFpj.yg(X/fc). We prove the proposition for this choice of d, by indnction 
on n. 

Assnme that ((F*)'^+'^("'“^iF)„ is constant. Then ((F*)'^+'^("'“^iF)„+i dehnes the 
class e(((F*)'^+'^(”'“^iF)„+i) in id^\yg(X//c)'’^ by Proposition 13.61 Then, by dehni- 
tion of d, we have 0 = (F*)'^e(((F*)"+'^(”-bF)„+i) = e(((F*)‘=+'^”F)„+i), and so 
E)n+i is constant again by Proposition 13.61 This hnishes the proof. □ 

Combining Propositions 13.41 and 13.71 we obtain the following: 

Corollary 3.8. Let X be a connected smooth projective variety over k with trivial 
Stale fundamental group. Let r be a positive integer. Let £ G Conv(X/F) of rank 
r and let E be a lattice of £ such that Ex G Coh(X) is strongly p-semistable. Let 
c = c{X,r) and d = d{X) be as in Proposition \3^ and Proposition \3. 7[ Then, 
for any n G N, the restriction {{F*Y~^^^^~^^ E)n of (F*)^+'^("'“^iF G Crys(X/hF) to 
Crys(X/lFk) is constant. 

Now we can hnish the proof of Theorem 12.61 

Proof of Theorem A2.6[ Let r be the rank of £ and let c = c(X, r), d = d(X) be as 
in Proposition 13.41 Proposition 13.71 for X and r. Apply Corollary 13.81 to £;F+<^©-i)) 
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and its lattice for each n > 1. Then we see that the restriction of := 

(^p*y+d{n-i)£<{c+d{n-i)) Crys(X/hF„), which we denote by gI^\ is constant. Note 
that, for any n > 1, this is a lattice of (^p*y+d-G-^)g{c+d{n-i)) _ g 

We put E := so that it is a lattice of £ with Ei E Crys(X//c) constant. 
We may assume by replacing G*^”^ by for suitable E Z that G^”^ C 

E, G^""^ ^ pE. We further £x a natural number m > 1. Then, for any n > m, the 
image of the composite map 

(3.3) H^cryM/Wn, i^n) 

^ Hl^^{X/W^,Ejp^E^) = 

is not zero: Otherwise, as G^T^ is constant, it would be contained in p'^En C pEn- 
Hence G^"^ is contained in pE, which is a contradiction. So, for n > m, the map 

Hl^^{X/Wn,En) H^,,^^{X/Wn,Ejp^En) = E^) 

is non-zero. Hence 

{lm{Hi^,{X/Wn,Er.) Hi^,{X/Wm,Em))}n>l 

is a decreasing family of non-zero IWn-submodules of the hnite type hWi-module 
H^j.y^{X/Wm, Em)- So, ITm befog an Artinian ring, the family is stationary, thus 
non-zero, and 

0 yt fl lm{H°,JX/W„, En) HlJXIW^, £„)), 

m<nGN 

Thus the system (.Y/ir„, satisfies the Mittag-Leffler eondition and 

0 yt KjXjW, E) = \^H«,JXIW^, B„). 

n 

As E is p-torsion free, H'^^y^{X/WyE) is a free module of rank s over IT, for 
some 1 < s < r. If s < r, then the quotient Q := E/ E) Oxjw) ^ 

Crys(X/lT) is nonzero. The p-torsion of Q is identihed with the kernel of the 
homomorphism 

(Hl^.(XIW, E)lp) 0* Ox/t = OPi ^E,= KjX/k, El) 0^ Ox/t = Oi/t 

in Crys(A/fc), which is zero. Thus Q E Crys(X/lT) is p-torsion free. By multiplying 
the composite map E ^ Q with a suitable p-power, we obtain a map 

GG) —)■ Q whose image is not contained in pQ. Then the diagram fl3.3p with E^ 
replaced by Qn shows that H^^y^{X/W,Q) ^ 0. On the other hand, one has the 

exact sequence 0 —)■ H^^yg{X/W, E) Oxjw E Q 0 in Crys(X/lT). 
By dehnition, is an isomorphism and by Proposition 12.101 (2), is 

surjective. Thus H^^yg{X/W, Q) = 0, a. contradiction. Thus s = r and E is constant 
in Crys(A/lT), thus S is constant in Crys(X/lT)Q. This hnishes the proof. 

□ 





We give a proof of Corollary 12.71 


Proof of Corollary 2.1. We check that any inhnitesimal isocrystal E = Q <8 i? G 
Inf(X/W)Q satishes the assumption of Theorem 12.61 By Proposition 13.91 below, the 
functor F* : \n.{{X/W) — > Inf(X/hP) is an equivalence. Thus the F”-division 
of £ has the form Q (g) for some G Inf(X/W). Then the value of 
at X has the structure of an object in Inf(X//c), which is constant by the affirmation 
[EM 10] of Gieseker’s conjecture. So is isomorphic to Ox some r and hence 


strongly /i-semistable. 

Proposition 3.9. For a smooth variety X over k, the functor 

F* : Inf(X/W) —^ Inf(X/W) 


□ 


is an equivalence. 

Proof. Because the category Inf(X/lT) satisfies the Zariski descent property, we 
may work locally. So we may assume that X lifts to a p-adic smooth formal scheme 
X]y over W on which there exists a lift Fw : Xw —y X^y of Frobenius morphism 
on X. Then we have the equivalence fll.181) in which the functor F* on the left hand 
side is compatible with the pull-back F^ by F\y on the right hand side. Thus it 
suffices to see that is an equivalence, which is proven in |Berl21 Thm. 2.1]. □ 


4 


Proof of Theorem 


2.8 


In this section, we prove Theorem 12.81 The following proposition, which is a crys¬ 
talline version of Langton’s theorem |Lan75j , is a key step for the proof: 

Proposition 4.1. LetX be a smooth projective variety overk and let£ G Crys(X/kP)Q 
be irreducible. Then there exists E G Crys(X/lT) with £ = Q O E such that 
Ex G Crys{X/k) = MIC(W)'i° is p.-semistable. 

Proof. We follow the proof of hanger |Lanl4l Thm. 5.1] and Huybrechts-Lehn’s book 
|HL971 2.B]. Let us consider the following two claims: 

(A) There exists E G Ciys{X/W) with £ = Q® E such that Ex G Coh(X) is 
torsion free. 

(B) There exists E G CiysiX/W) with £ = E such that Ex G Crys(X//c) = 
MIC(X)^“ is /i-semistable. 

To prove the proposition, we first prove the claim (A) and then prove the claim (B). 
However, since the proof of (A) and that of (B) are parallel, we will describe them 
simultaneously in the following. 

First take a p-torsion free crystal E G Crys(X/lT) with = Q (g) F in the case 
(A), and take a p-torsion free crystal F G Crys(X/lT) with T = Q (g) F and Ex 
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torsion free in the case (B). (This is possible because, when we prove (B), we can 
assume the claim (A).) Put := E. If E^ does not satisfy the conclusion of the 
claim, let be the maximal torsion (Px-submodule of E^^ in the case (A) and the 
maximal destabilizing subobject of E^ in the category Ciys{X/k) in the case (B). 
In the case (A), one can check (by looking at E\ as an object (i?^, V) in MIC(X) 
and noting the fact that /e = 0 (e G / G Ox) implies /^V(e) = 0) that is 
actually an object in Crys(X/fc). Let E^ be the kernel of E^ —> E\ —Y E^/B^. 
If E^ satishes the conclusion of the claim, we are done. Otherwise, let B^ be the 
maximal torsion (Px-submodule (actually an object in Crys(X//c)) of Ex in the case 
(A) and the maximal destabilizing subobject of E^ in the category Crys(X//i;) in 
the case (B). If the claim is not true, we obtain a sequence 

E = E^ D E^ D E^ D ■■■ . 

Let G” := Ex/B^ = E'^/E^^^. Note that in the case (A), the rank of G" is 
the same as the rank of Ex, which is the same as the rank of £. In addition, as 
i?” C Ex is the maximal torsion submodule, G"^ is torsion free in Coh(X). In the 
case (B), G" is nonzero by dehnition of B'^, and torsion free by the maximality of 
i?”. By dehnition, one has exact sequences 0 E"'^^ E^ —)■ G"' —)■ 0 and 0 —)■ 

pE"^/pE^^^ —)■ E'l^^ —)■ E"'~^^/pE"' 0, both in Crys(X/kP). As pE"^/pE"^^^ = G” 
and E^~^^/pE"' = B^ in Crys(X/iy), this yields the exact sequences 

(4.1) O^B^ ^E^ — >G^ —^ 0, 0 —^ G" ^ E^+^ -yB^-^O 

in CTYs{X/k). From these, we see that the slope p{Ex) of Ex is constant and so 
equal to p{Ex) in the case (B). 

Let G" be the kernel of the composite 5"'+^ nothing but 

^n+i Pi Qn^ jg 2 ero in the case (A) because is torsion while G” is 

torsion free. In the case (B), if G"" = 0, pi{B'^^^) < p{B'^) due to the maximality 
of B^. If G" 7 ^ 0, /n(G") < /imax(G”) < p{B^) because is a subobject of 
and 5" is the maximal destabilizing subobject. So, if fi{B"‘~^^) < p{C"‘), we obtain 
the inequality /i(i?”+^) < ii{B^). On the other hand, if > //(G"), we have 

/^( 2 jn+i) ^ |(i(i?"+i/G"') < p{B^) because B^ is /r-semistable as a crystal. Hence 
fi{B^~^^) < //(H”) when G” ^ 0. In conclusion, fi{B^) [n G N) is non-increasing, 
and strictly decreasing when G” ^ 0. But the latter case can happen only hnitely 
many times, because p{B'^) should be contained in (where r is the rank of E) 
and > p{Ei). Therefore, G” = 0 for n ^ 0 in the case (B). 

So we may assume that G” = 0, namely, B^~^^ fl G” = 0. This implies that we 
have the inclusions 

(4.2) ■ ■ ■ ^ D • • • , • • ■ C G" C G^+^ C ... . 

We may assume also that the rank of G"' is constant and that p{B^) {n G N), /i(G"') 
{n G N) are constant in the case (B). Note also that G"' = if and only if 

Bn = Bn+^. 
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Next we prove that G'^ is constant for n ^ 0. In the case (A), the support of B'^ 

is non-increasing and so it is constant for n ^ 0. So, for n ^ 0, outside 

some codimension 2 closed subscheme of X. Indeed, if the support of the B^ for n 
large is in codimension > 2, there is nothing to prove, else it is a divisor, and Bn 

on each generic point of the divisor is eventually constant. So G” = outside a 

codimension 2 closed subscheme. Hence the double dual of G" is constant and, as 
G” is torsion free, contains all the G"". So the right tower in fl4.2p is stationary and 
then G” is constant for n S> 0. In the case (B), the constancy of the rank and the 
slope and the torsion freeness of imply the equality G” = G”^^. 

So we may assume that H"’, G"’ are constant. So we write it by H, G, respectively. 
Then the exact sequences fl4.ip split, and so = B (BG. Now dehne := E/E^. 
Then Q has a natural hltration whose graded quotients are E'^/E'’^^ = G. This 
implies that Qn is nonzero and when regarded as an object in Crys(X/HA), it is flat 
over Wn- So Q = (Qn)n £ Ciys^X/W) is a nonzero p-torsion free crystal. Also, we 
have the canonical surjection E —)■ Q, hence the surjection £ —y Q $§ Q. In the 
case (A), if it is not an isomorphism, this contradicts the irreducibility of 8. If it is 
an isomorphism, Q gives the lattice such that Qx = = G is torsion free. In the 

case (B), since B is non-zero and torsion free, 8 —> Q $§ Q is not an isomorphism, 
and this contradicts the irreducibility of 8. This hnishes the proof. □ 


Proposition 4.2. LetX be a smooth projective variety overk and letG G Crys(X//c) 
be of rank r and pi-semistable. Assume moreover one of the following conditions: 


(1) r = 1. 

(2) /imax(f^x) <2, r = 2 and p(G) 

(3) /imax(f^x) < 1, = 3 and p(G) 

( 4 ) hmax(f^x) < '>J^here N{r) 


= 0 . 

= 0 . 

:= max lcm(a, 6). 

a,b>l,a-\-b<r 


Then G is strongly p.-semistable in Coh(X). 


Proof. In the case (1), the only point of the assertion is that the Frobenius pull 
backs of G remain torsion free, which is trivial because torsion freeness of Ox- 
modules is preserved by E* as X is smooth so E* is faithfully flat. So we will prove 
the proposition in the cases (2), (3) or (4). The proof is a variant of that in |MR831 
Thm. 2.1]. 

First we prove the claim that any p-semistable sheaf H of rank r is strongly 
/i-semistable in Coh(X) under one of the following conditions: 

(a) Pmax(f^x) < 2, r = 2 and p.{H) = 0. 

(b) /imax(f2^) < 1, r = 3 and p.{H) = 0. 

(c) /imax(f23(:) < . In this case, we prove it by induction on r. 
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For this, it suffices to prove that F*H is /i-semistable in Coh(X). Assume the 
contrary and let H' C F*H be the maximal destablizing subsheaf of F[. Let H" : = 
H/H'. Then the connection Vcan : F*H —)■ F*H (g) in fll.29p induces a linear 
map Vcan : H' —> If we prove Vcan = 0, (iL', Vcanlr/') dehnes a submodule 

with integrable connection of {F*H, Vcan) and so there exists a Ox-submodule Hq 
of H with H' = F*H'q. Then we have = p{H') > p{F*H) = pp{H) 

and this contradicts the p-semistability of H. So it suffices to prove the equality 
Vcan = 0. To prove it, we may replace H" by its graded quotients with respect to 
Harder-Narasimhan hltration. So we may assume that H', H" are p-semistable and 
fi(H') > /i(iL"). Also, it suffices to prove that the map 


(where Tx denotes the tangent sheaf on X) induced by Vcan is equal to zero. Since 
Tx is locally free and 'Hom{H\ H") is torsion free as FI” is, it suffices to prove 
/ = 0 outside some codimension 2 closed subscheme of X. Until the end of the 
proof of the claim, we will consider sheaves and morphisms of sheaves up to some 
codimension 2 subscheme in X. Then 'Hom{H', H") = FI'^ ® H". When (a) or (b) 
is satished, at least one of FI\ H" is of rank 1. So Fl'^ ® H" is p-semistable of slope 
—p{H') + which is < —2 in the case (a) and < — 1 in the case (b) (we use 

the assumption p{H) = 0 here). Hence + p{H") < —/imax(f^x) = PminiTx). 

So we see that / = 0. 

When (c) is satished, H', H” are strongly /i-semistable by induction hypothesis. 
Then, by |RR841 Thm. 3.23] (see also |Lan04b[ Cor. A.3.1]), H'^®H'' is /r-semistable 


of slope < 


-1 


< 


< 


■P'max(f^x) — 


lcm(rankiL', rankTT") “ N{r) 

Pmm(Tx). So we see that / = 0 also in this case. 

Now we prove the proposition. In the proof, we regard G as an object in 
MIC(W)'*" and so we denote it by (G,V). By the argument above, it suffices to 
prove that G is p-semistable as sheaf. Assume the contrary and let FT' C G be 
the maximal destablizing subsheaf of G. Let H" := G/FI'. Then the connection 
V ; G —> G ® induces a linear map V ; H —)■ H' ® If suffices to prove 
that V = 0: Indeed, if this is the case, (iF, X\h) dehnes a destabilizing subobject of 
(G, V), which is a contradiction. 

We prove that V = 0 in a similar way to the proof of Vcan = 0 above. We 
replace H" by its graded quotients with respect to Harder-Narasimhan hltration so 
that H',H" are /i-semistable and /i(Ff') > /i(iF"), and we prove that the map 


f-.Tx^nom{H',H") 


induced by V is equal to zero outside some codimension 2 closed snbscheme of X. 
Working again np to some codimension 2 snbscheme in X, we have 'Hom{H', H") = 
® H". When (1) or (2) is satished, at least one of H',H" is of rank 1. So 
H'^ ® H" is /i-semistable of slope which is < —2 in the case (1) 
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and < —1 in the case (2) (we use the assumption /i(G) = 0 here). In the case (3), 

H', H” are strongly /i-semistable by the claim we proved above. Then, H''^ ® H" 

-1 1 

is /i-semistable of slope —/i(hf') -|- - , __ . < 


lcm(rankif', rankif" 
-/tmax(f^x) = hmin(^x)- So we See that / = 0 also in this case. 


N{r) 


< 


□ 


Now we give a proof of Theorem 12.8i 

Proof of Theorem \2.8[ First assume that £ is irreducible. In this case, any F"'- 
division of £ is also irreducible. Then, by Propositions 13.1114.11 and 14.21 each 
admits a lattice F^) such that F^^ is strongly /i-semistable as Gx-module. So, 
by Theorem 12.61 we see that £ is constant. 

In the general case, £ has a hltration whose graded quotients are irreducible. So, 
by the previous case, £ can be written as an iterated extension of constant convergent 
isocrystals. Since we have OxjK) = Q (8 Oxjw) = 0, where 

the second equality is proven in Proposition 12.101 (2), this hnishes the proof. □ 

We give another application of Proposition 14.11 It seems that the following 
question is frequently asked among experts: 

Question 4.3. Let X be a smooth variety of finite type overk and let£ G Coilw{X/ K). 
Does there exist a locally free E G Crys(X/lF) with £ = Q<S) E? 

We give the following partial answer to this question, using Proposition 14.11 

Theorem 4.4. Let X be a smooth projective variety over k, let £ G Conv(X/F). 
Assume one of the following: 

(1) The rank of irreducible constituents of £ are 1. 

(2) /imax(f^x) < 2 and the rank of irreducible constituents of £ are < 2. 

(3) /imax(f2^) < 1 o^nd the rank of irreducible constituents of £ are < 3. 

(4) ^ ^ 4, /imax(f2^) < rank of irreducible constituents of £ are < r, 

where N(r) := max lcm(a,&). 

a,fo>l,a+fo<r 

(5) X lifts to a smooth scheme X overW 2 and the rank of irreducible constituents 
of £ are < p. 

Then there exists E G Crys(X/lF) locally free with £ = E. 

The case (1) reproves a weaker version of Proposition lrTTl Also, when /imax(f23s:) < 
0, any convergent isocrystal on X admits a locally free crystal F on (X/lF)crys 
with £ = E. 
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Proof. First we prove the theorem in the cases (1), (2), (3) or (4) by induction 
on the rank of S. When S is irreducible, there exists a lattice E of S such that 
Ex G Coh(X) is strongly /i-semistable, by Propositions 13.11 14.11 and 14.21 This, 
together with Proposition 13.11 Theorem 13.51 implies that Ex is locally free. Hence 
E is also locally free. When S is not irreducible, we have an irreducible convergent 
subisocrystal S' C S. Put E" := EfS'. Then, by induction hypothesis, there exist 
locally free lattices E',E'' of S',S", respectively. Then K,S"^ S') = 

Q (g) E"'^ ® E'), and from this we see that there exists an extension E 

of E' by E" in Crys(X/hF) with S = Q® E. This E is locally free by construction, 
and so the theorem is true for S. 

Next we prove the theorem in the case (5). By the argument in the previous 
paragraph, we may assume that S is irreducible. Using Proposition 14.11 we take a 
lattice E of S such that the restriction (Ux,V) of E to Crys(W//c) = 
is /i-semistable. By assumption, rankU^ < p. Hence {Ex,V) is contained in 
MICp_i(W). So, by |OV07] . there exists a Higgs module {H,9) G HIGp_i(W) such 
that = (Ux, V), where C~^ is the inverse Cartier transform. By Propo¬ 

sition 13.11 Ex has vanishing Chern classes. From this and the /i-semistability of 
(F'x,V), we see that {H,6) is /i-semistable Higgs module with vanishing Chern 
classes, by |Lanl5l Lem. 2, Cor. 1]. Then, by |Lanl5l Thm. 11], H is locally free. 
Hence so is Ex, and then E is locally free. □ 
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